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PART I: REFERENCE MATERIAL 


Greek alphabet 


oc A alpha 
/? B beta 



e E epsilon v 

( Z zeta f 

V H eta o 


kappa 

lambda 


a E sigma 
r T tau 
v T upsilon 
</> $ phi 
x X chi 

u Q. omega 


Mathematical language 

1. In mathematics we commonly use implications such as ‘if P then Q\ 
where P and Q are statements which can be either true or false. The 
statement P is the hypothesis and the statement Q is the conclusion. 
An implication is true if the conclusion is true whenever the hypothesis is 
true and false otherwise. For example, the following implication is true: 

if x is positive, then x + 1 is positive. 

There are various equivalent ways of stating such an implication: 

(a) if x > 0, then x + 1 > 0; 

(b) x > 0 =► * + 1 > 0; 

(c) for all x > 0, we have x + 1 > 0; 

(d) x + 1 > 0, for all x > 0; 

(e) x + 1 > 0, whenever x > 0; 

(f) for x + 1 to be positive, it is sufficient that x be positive. ' 

2. The converse of an implication is obtained by exchanging the hypothesis 
and the conclusion. For example, the converse of the (true) implication 

if x > 0, then x + 1 > 0 



Bible, types (a) or (b) 
m hypothesis and com 



1. Definitions 





2. Some important subsets of the real numbers 


Symbol 

Subset 

IM 

The set of all natural numbers: 1,2,3,... 

Z 

The set of all integers: 0, ±1, ±2, ±3,... 

Q 

The set of all rational numbers (numbers of the form p/q, where p, q £ Z, q ^ 0) 

R 

The set of all real numbers 

K»[ 

{x : a < x < 6}, the open interval from a to 6 

Ml 

{x : a < x < b}, the closed interval from a to b 

Ml 

{x :a < x <b} 

[«,oo[ 

{x :x> a] 

k°°[ 

{x :x > a} 

]—oo, a[ 

{x:x < a.} 


3. Upper and lower bounds 

Suppose that A is a non-empty subset of R. Then A is bounded above if 
there is a real number M such that 
x < M, for all * € A. 

The number M is called an upper bound of A. Clearly, any number 
bigger than M is also an upper bound of A. A lower bound of A is 
defined similarly. 

Among all upper bounds of A, the smallest (which always exists if A is 
bounded above) is called the least upper bound of A, or the supremum 
of A, written sup A. The greatest lower bound, or the infimum, of A, 
written inf A, is defined similarly. 

If A has infinitely many elements, then sup A and inf A may or may not 
belong to A. In contrast, if A has finitely many elements, then sup A and 
inf A are the largest and the smallest elements of A, respectively, and 
therefore are members of A. 

If sup A belongs to A, then we may use the alternative notation max A for 
sup A. Similarly, if inf A belongs to A, then we may denote it by min A. 
Example If A = [-1,1[, then 

sup A = 1 and inf A = minA = -1. 


sup 5 = maxi? = 2 and inf5 = minB =-1. 


4. Inequalities 

Rules for rearranging inequalities 

(a) a < b <=> 6 — o > 0. 

(b) a < b e=s. -a + c<6+c. 





Corresponding versions of these inequalities exist with strict inequalities 
replaced by weak inequalities; that is, with a < b replaced by a < b. 

The solution set of an inequality involving an unknown real number x is 
the set of values of x for which the inequality holds. 

Rules for deducing new inequalities from given ones 

(a) For all a, 6, c in R, 

a < b and b<c ==>■ a<c. Transitive Rule 

(b) For all a, 6, c, d in R, if a < 6 and c < d, then 

a + c < b + d\ Sum Rule 

ac < bd (provided that a,c > 0). Product Rule 


Modulus 


If x £ R; then the modulus, < 


absolute value, of x is 


Thus |x| is the distance from the origin to x, and so 

(b) |x| > a •$=» x > a or x < -a; 

(c) the distance on the real line from a to b is |a — b\. 


5. The Principle of Mathematical Induction 

Suppose that P(n), n = 1, 2, 3, ..., is a sequence of propositions such that 

(a) P( 1) is true, and 

(b) whenever P(fc) is true, P(k + 1) is also true. 

Then P(n) is true, for n = 1, 2, ... . 

Example We wish to show that 2 n > n, for n = 1, 2, ... . 

Let P(n) be the proposition 2" > n. 

(a) P(l) is true, since 2‘ > 1. 

(b) Suppose that P(k) is true; that is, 2* > k. Then 

2 *+i = 2-2* >24 = & + *>* +1, 

so that P(k + 1) is true. 

Thus 2" > n, for n = 1, 2, ..., by the Principle of Mathematical 
Induction. 


Real functions 

1. Definitions 

A real function / is defined by specifying 

(a) two subsets A and B of R, and 

(b) a rule which associates with each x £ A a unique y £ B. 

The sets A and B are called the domain and the codomain of /, 
respectively. We write 
/ : A ♦ B. 

the value of / at x. The image of the function / is 
f(A) = {f(x):x£A}. 














PART II: UNIT SUMMARIES 
Unit A1 Complex Numbers 


Section 1: Introducing Complex 
Numbers 


8 . 






(i) z+J=2Rez; 

(ii) z — z = 2ilmz; 

(iu) M=*- 


(b) If z\ and 22 are complex numbers, then 


x + iy, where x, y € R and i is a symbol with the 

equivalently, z = x + yt, and say that z is expressed 
in Cartesian form; x is called the real part of 2 
and y the imaginary part of 2, written x = Re 2 
and y = Im 2. 

Two complex numbers are equal if their real parts 
The set of all complex numbers is denoted by C. 


(ii) ir^=2T-*I; 


(iv) 21/22 = 21/22, where 2 2 # 0. 


A1 For all 2i,; 

zi + 22 € C. 
A2 For all 2 in 


M2 For all 2 in C, 


2. The binary operations of addition, subtraction 
and multiplication of complex numbers are 

and are performed by treating the complex numbers 
as real expressions involving an algebraic symbol * 


A3 For all 2 in C, 

* + (-*) = (-*) + * = 0. 

A4 For all 21, 22, 23 in C, 
(*1 + z 2 ) + 23 

= zi+ (22 + 23). 

A5 For all 21, 22 in C, 


M3 For all non-zero 2 

M4 For all 21, 22, 23 in 
(2122)23 = 21(2223). 

M5 For all 21, 22 in C, 


3. The negative, —2, of a complex number 2 = x + iy 


D For aU 21, 22, 23 in C, 
21(22 + 23) = 2122 + 2123. 


usually written —2 = —x — iy. 

4. The reciprocal, 1/2 (or 2 -1 ), of a non-zero complex 
number 2 = x + iy is 

I “ x 2 + y 2 ' 


10. Binomial Theorem 

(a) If 2 eC and n € N, then 



5. The quotient, z,/z 2 , of a complex number a, by a 



Strategy for obtaining a quotient 
To obtain the quotient 

Xl ffl -, where x 2 + iy 2 # 0, 

x 2 + m 

in Cartesian form, multiply both numerator and 
denominator by X2 — iy 2 , so that the denominator 


(b) If 21, 22 € C and n € N, then 





11. Geometric Series Identity 

(a) If 2 € C and ngN, then 

. l-x” = (l-x)(l + z + x 2 + ... + x"- 1 ). 

(b) If 21 , 22 € c and n 6 N, then 

= (21 - 22 ) (z ““ 1 + 2 1 n_2 2 2 + 2 " -3 2 | + • • • + z$- 


The complex conjugate, 2, of a complex number 





Section 2: The Complex Plane 


1. The complex number 2 = x + iy is represented by the 
ordered pair ( z,y ) in R 2 , called the complex plane. 
Complex numbers can be thought of as based 

(0,0) to (x,j) + The sum Li difference of two 
complex numbers zi and 22 satisfy the parallelogram 
law for vectors. 

2. The modulus, or absolute value, of 2 = x + iy is 


3. | zi — 221 is the .distance from 21 to 22. 

12, 4- 221 is the distance from z\ to —2 2 - 



z\ = n(cos 81 + isin 0i) and z 2 — r 2 (cos02 + *sin 0 2 ), 


■(*1+»>))■ 





Section 3: Solving Equations 
with Complex Numbers 

2. Let 

w = p(cos <jt + i sin 4>) 

be a non-zero complex number in polar form. Then 

3. If w = p{ cos <f> + »sin 4>), where <f> is the principal 
argument of to, then 

is called the principal nth root of to, denoted by 

4. By an nth root of unity we mean an nth root of 1. 
These n roots are given by 

z k = cos — + tsin — * = 0 12 n -1 

5. Strategy for finding nth roots 

To find the n nth roots *o, zi ,..., z n - i of a non-zero 

(a) express to in polar form, with modulus p and 
argument <j>\ 

(c) if required, convert the roots to Cartesian form. 

6. The two roots of az 2 + bz + c = 0 , where a , b, c are 
in C and a ^ 0 , are 

_ — b ± y/b 2 — 4 ac 

In certain cases a polynomial equation of degree n 
can be solved by substitution to obtain a quadratic 


Section 4: Sets of Complex 
Numbers 

inequalities involving them. 


(a) Open half-plane {z : a Re z + b Im z > c}, 
closed half-plane {z : a Re z + b Im z > c}, 
where o, b, c € R and a, 6 are not both zero. 

(b) Open disc {z : \z - a\ < r}, 
closed disc {z:\z-o/\< r], 
where r > 0. 

(c) Open annulus {z : n < \z - a| < f 2 }, 
closed annulus {z : n < \z — or| < r 2 }, 

(d) Ray (half-line) {z :Argz = 9 }, 
where 9 € ]-x, *]. 

(e) Open sector {z :a< Arg(z - or) < b), 
where a € C and —ir < a <b < r. 

{z:\Argz\<ir)=C-{xen:x<0} 


Section 5: Proving Inequalities 

1. | Re z\ < \z\ and | Im z\ < \z\. 

2. Triangle Inequality 
If zi, Z2 € C, then 

(a) \zi + * 2 1 < \zi\ + |* 2 1 (usual form); 

(b) |*i - * 2 | > ||*i| — |* 2 11 (backwards form). 

3. If *, *i, * 2 , • • •, z n € C, then 

(a) |*|<|Re*| + |Im*|; 

(b) |*i-* 2 |<|*i| + N; 

(c) !« + «]> Il«l-N|i 

(d) |2i ± 22 ± • • • ± 2„| < |2i| + |2 2 | H-H |2„|i 

(e) | 2 i ± 2 2 ± • • • ± 2 „| > | 2 i| - | 2 2 |-|*»|. 





Unit A2 Complex 
Functions 

Section 1: What is a Complex 
Function? 

1. A complex function / is defined by specifying 

a unique number w in B\ we write w = f{z). 
The set A is called the domain of the function / 
and B is called the codomain of f. The number w 
is called the image of z under /, or the value of / 





if zi,Z2 G A and z\ ^ z 2 , then f(z x ) ± f(z 2 ). 
Equivalently, if w G f(A) then there is a unique 
z e A such that f(z) = w. 

A function which is not one-one is many-one. 

9. Let /: A —* B be a one-one function. Then the 
inverse function, / -1 , of / has domain f(A) and 

= z, where w = f(z). 


10. Strategy for proving that a function / has an 
inverse function 

EITHER prove that / is one-one directly by showing 


2. Convention When a function / is specified just by 
applicable, and the codomain of / is C. 


if Z! # z 2 , then f(z x ) # f(z 2 ) 

OR determine the image f(A) and show that for 
each tv € f(A) there is a unique z € A such that 
/(*)=«• 


/(-*) = {/(*):* eA}. 

If f(A) = B , then / is called onto. 

4. If f(A) C R, then / is called real-valued. 

If A C IR and 5CR, then / is a real function. 

5. Let /: A —► C and g : B —► C be functions. Then 
the sum / + g is the function with domain An B 
and rule 

(/+j)W = /(*) + ««; 

the multiple A/, where A e C, is the function with 

(A/)(*) = */(*); 

the product fg is the function with domain An B 
and rule 

(/»)(*) = /(*)»(*); 

A n B - {z : g(z ) = 0} and rule 

(//»)(*) = /(*)/«(*)• 

6. A polynomial function of degree n is defined by 

p(z) = do + Ul Z H-- + On*") 

where ao , ..., a n € C, and a n ± 0. 

A rational function r is the quotient of two 
polynomial functions p and q: r(z) = 

functions. Then the composite function go f has 
domain 

{zEA:f(z)eB} 

(gof)(z) = g(f(z)). 


11. Reducing the domain of a function (but leaving the 
rule unchanged) gives a restriction of the function. 


Section 2: Special Types of 
Complex Function 

1. The functions Re / : * i—> R«(/(.)) and 

Im f ‘ z i—. Im(/(*)) are caUed the real and the 
imaginary parts of /.Re/ and Im/ are ^ 


2. A path is a subset T of C which is the image of an 
associated continuous function 7': I —• C, where I is 

7(t) = *(t) + .>(«) (tel) 

* = Hi), « = m (tei), 

If / U the closed interval [a, J], then 7(a) and 7(6) are 
called the initial point and final point of 1', 

It may be possible to obtain the equation of F in 
equations x = /(<) and y = *(t). 


12 









/(S) = {/(*) = * €5). 


5. If / is a continuous function and T is a path in the 
domain of /, with parametrization 7 , then f(T) is 
called the image path; f(T) has parametrization 


6. Strategy for determining an image path 
Let the parametrization of the path T be 

= m + (*€/). 

Then the image path f{T) is found 
EITHER 

function / 6 & Pr ° PertieS 


by substituting a; = <f>{t), y = tf(<) into the equation 
u + iv = f(x + iy) 



Section 3: Images of Grids 

y = b, usually fvenly spaced in both directions. 

A polar grid consists of circles centred at 0 and rays 

of the rays has an equation of the form 6 = b, where b is a 
constant in the interval ]-x,x]. 

Using the Strategy in Section 2 for determining an image 
path /(r), we can obtain the images of Cartesian and 


Section 4: Exponential, 
Trigonometric and Hyperbolic 
Functions 

1. Forall * = z + ijrin C, 

e s = e*(coss + ism!f). 

The function 

* —«* (*eC) 

is called the exponential function and is denoted 

If z is real, z — x + Oi, then 
e* = e*(cosO + isin 0) = e*. 

If z is imaginary, z = 0 + iy, then 


2. 


Exponential identities 


(a) 

(b) 

(c) e- = l/e* 


(a) For all n € 2, e‘+ 2 "" =e',so each of the points 
a + 2nrri, n € 2, has the same image. 

(b) The line x = a is mapped to the path with 



(c) The line y = b is mapped to the path with 

it = e* cos 6, v = e* sin b (t € R). 

This is the ray from 0 (excluded) through 
cos 6 +1 sin b. 

(d) The strip {x + iy : -x < y < tc) is mapped to 

C-{0}. 




4. Trigonometric functions 



Both cos and sin have domain C. 

Since {z : cos z = 0 } = {(» + §)x: n € Z}, both tan 
and sec have domain C - {(« + |)x : n € Z}. 

cosec have domain > C _ —^nir ^neZ}^ ^ 

5. All the identities satisfied by the real trigonometric 
functions. 


6 . Hyperbolic functions 

The functions cosh, sinh, tanh, sech, coth and 
cosech are defined as follows: 


Both cosh and sinh have domain C. 


Since {z : cosh z = 0} = {(n + \)xi : n € Z}, both 
tanh and sech have domain C - {(» + J)xi : n e 
Since {z : sinh z = 0} = {nxi: n € Z}, both coth and 
cosech have domain C - {nxi :ngZ}. 


7. For all z in C, 

sin(tz) = * sinh z and cos(iz) = cosh z. 

8. All the identities satisfied by the real hyperbolic 
functions also hold for the complex hyperbolic 
functions. 


Logarithmic identities 

(a) Log(ziZ 2 ) = Log zi + Log z 2 , 
if Arg z\ , Arg z 2 € ]- §*>£*]; 

(b) Log(l/z) = - Log z, if Arg z € ]-*, *[• 

Part (a) holds in the following form for any 
values in the domain, C — {0}, of Log: 

Log zi z 2 = Log z\ + Log z 2 + 2nxi, 
where n is - 1 , 0 or 1 according as 
Argzi + Arg z 2 is greater than x, lies in the 
interval ]—x, x], or is less than or equal to —x. 

(c) For z, a € C, with z # 0 , the principal orth 
power of z is 

z a =exp(aLogz). 

This definition agrees with the usual meaning of 
z a , for a = n or a = 1 /n, where n € N. 

The function zi—► z a is called the principal 
ath power function. 

i 


( 


Section 5: Logarithms and 
Powers 

1. For z e C - {0}, the principal logarithm of z is 
Log z = log e |z| + * Arg z. 

The corresponding principal logarithm function 
is called Log. It is the inverse of 

/(*) = «* (*€{* + ;»:-*<»<x}), 

e L °*‘=z, for 2 G C — { 0 }, 

Log (e 2 ) = z, for z € {z + iy : —x < y < x}. 



Unit A3 Continuity 


Section 1: Sequences 

1. A (complex) sequence is an unending list of 
complex numbers 


The complex number s„ is called the nth term of 
the sequence, and the sequence is denoted by {a„}. 

converges to a, or tends to a, if for each positive 
number e, there is an integer N such that 


, (a) The sequence {z n } converges to a if and only if 
unique limit. 

(c) A constant sequence 


is convergent with limit or. 

(d) If a given sequence converges to a, then this 
remains true if we add, delete, or alter a finite 
number of terms. 

4. Squeeze Rule 

If {o„} is a real null sequence of non-negative terms, 
and if 

M<«»> for « = 1 , 2 ,..., 


7. If Jim z n = a, then 

(a) Km M = M; 

(b) lim z^=a; 

(c) lim Re z n = Re a; 

(d) lim Im z n = Im a. 


8. A sequence which is not convergent is divergent. 

9. The sequence {z n } tends to infinity if, for each 
positive number M, there is an integer N such that 

\z n \ >M, for all » > N. 

In this case we write 


10. Reciprocal Rule 

Let {z n } be a sequence. Then 

if and only if 

{l/z n } is a null sequence. 

11. Let {«*} be a sequence of positive integers which are 
strictly increasing; that is, 

Then the sequence {z„*} is a subsequence of the 

In particular, {z 2 *} is the even subsequence and 
{z2k-i } is the odd subsequence. 


12. Subsequence Rules 

(a) First Subsequence Rule The sequence {z n } 
is divergent if {z n } has two convergent 
subsequences with different limits. 

(b) Second Subsequence Rule The sequence 
{z n } is divergent if {z„} has a subsequence 
which tends to infinity. 


5. Basic null sequences 

(a) {l/«a for p > 0 ; 

(b) {a- n }, for |or| < 1 . 


13. (a) If |or| > 1, then the sequence {or n } tends to 
(b) If |or| = 1 and a # 1, then the sequence {ar n } is 


6 . Combination Rules 

Sum Rule lim (z„ + w n ) = a + fa 

Multiple Rule lim (Az n ) = Aar, where A € C; 
Product Rule lim (z n ti> n ) = afi; 




(£) = ?- 
provided that 


In this case, we say that {z„} is bounded. 


75 





Section 2: Continuous Functions 


Section 3: Limits of Functions 


1. Continuity: sequential definition 

Let /: A —► C and a £ A. Then / is continuous 

/(*») - /(«); 

=* /(*«)-+/(*). 

If / is continuous at each a in A, then we say that / 
is continuous (on A). 

If / is not continuous at a, then we say that / is 
discontinuous at a. 

2. Continuity: e-6 definition 

Let /: A —► C and a € A. Then / is continuous 
at a if, for each e > 0, there is 6 > 0 such that 
zEA, \z-a\<6 => |/(z)-/(o)|<e. 

3. The e-6 definition of continuity is equivalent to the 
sequential definition of continuity. 

4. Basic continuous functions 

(a) polynomial and rational functions; 

(b) f(z) = \z\,z, Rez, Imz; 

(c) f(z) = e z \ 

(d) trigonometric and hyperbolic functions; 

(e) /(z) = Argz, Log z, z a , on C - {x G R : * < 0}. 

5. Combination Rules 

If the functions / and g are continuous at a, then so 

Sum Rule / + 9‘, 

Multiple Rule A/, for A € C; 

Product Rule fg; 

Quotient Rule // g , provided that g(a) ^ 0. 

6. Composition Rule 

If the function / is continuous at a, and if the 
function g is continuous at /(a), then g o f is 

7. Restriction Rule 

If the function / has domain A, the function g has 

2. g is continuous at or € A, 


1. The point a is a limit point of a set A if there is a 
sequence {z„} such that 

z„ € A - {or}, for n = 1,2,..., 


2. Let / be a function with domain A, and suppose 
that or is a limit point of A. Then the function / has 
limit P as z tends to oc if for each sequence {z„} in 
A — {a} such that z n ► or, 

/(*»)-£ 

In this case we write 
EITHER lim /(z) = /?, 

OR f(z) —► /? as z —► or. 


3. Strategy for proving that a limit does not 


To prove that lim /(z) does not exist, where a is a 


(a) find two sequences {z n } and {z' n } in A — {a} 
which both tend to a, such that the sequences 
{/(z n )} and {f(zn)} have different limits; 


(b) find a sequence {z n } in A — {a} which tends to 
ar, such that the sequence {f(z n )} tends to 


4. Let / be a function with domain A and suppose that 
a € A is a limit point of A. Then 

/ is continuous at a <=> lim /(z) = /(o). 

5. Let / be a function with domain A and suppose that 
a is a limit point of A. Then the function / has 
limit P as z tends to a if for each positive e, there 

|/(z) -P\<e, for all z € A - {a} with |z - a| < S. 


Combination Rules 


respectively, and suppose that a is a limit point of 
AnB. If 


Sum- Rule 
Multiple Rule 
Product Rule 
Quotient Rule 


lim (/(*) + g(z)) = i3+r, 

Um (A/(*)) = Aft for A € C; 
Hm (/(*)»(*)) =/»T, 

Ita (/(*)/»(»)) = Ph> 



Section 4: Regions 

1. A set A in C is open if each point or in A is the 











Unit A4 Differentiation 


Section 1: Derivatives of 
Complex Functions 


p_ /(*)-/(«) ( OI a m /(«+fc)-/(«) ^ 
provided that this limit exists. If it does exist, then 
/ is differentiable at a. If / is differentiable at 
every point of a set A, then / is differentiable on 
A. A function is differentiable if it is differentiable 


is called the derivative of /. The domain of /' is 
the set of all complex numbers at which / is 
differentiable. 


8. Strategy A for non-differentiability 

If / is discontinuous at or, then / is not differentiable 


9. Strategy B for non-differentiability 

To prove that a function / is not differentiable a 
apply the strategy for the non-existence of limits 
the difference quotient 
/(*)-/(«) 


10. Higher-order derivatives of 
obtained by repeated differenti 
(/')'=/"=/«, 


If a function / is differentiable on a region then / 
is said to be analytic on H. If the domain of / is a 
region and if / is differentiable on its domain, then / 
is said to be analytic. A function / is analytic at 
a point ot if it is differentiable on a region 


If f'(a) * 0, then, to a close approximation, 
/(*)-/(«)*/'(»)(*-«)■ 
centred at a is mapped to a small disc centred at 


If the complex function / is differentiable at 


5. Linear Approximation Theorem 

If the complex function / is differentiable at a, then 

polynomial. More precisely, 

f(z) = /(«) + (* -<*)/'(«) + e(*), 
where e is an ‘error’ function satisfying 
e ( 2 )/(* - — 0 as 2 -t a, 

6. Combination Rules 

Let / and g be complex functions with domains A 
and By respectively, and let a be a limit point of 
A n B. If / and g are differentiable at a, then 
Sum Rule (/ + g)'(a) = /'(a) + g'(a r); 

Multiple Rule (A f)'(a) = A/'(a); 

Product Rule (/y)'(a) = f\a)g(a) + f(a)g\ay, 
Quotient Rule (f/g)'(a) = »(«)/ ^ 

provided that g(a) ^ 0. 





Section 2: The Cauchy-Riemann 
Equations 

1. Cauchy-Riemann Theorem 

If / is differentiable at a — a + ib then & u & u & v 
exist at (a, 6) and satisfy the Cauchy-Riemann 

2. Strategy C for non-differentiability 
Let f(x + iy) = u(x, y) + .»(*, y). If either 

^(e,6)^|(a,6) or f|(«, 6) * 
then / is not differentiable at a + ib. 

3. Cauchy-Riemann Converse Theorem 

Let /(» + iy) = «(*, y) + «(., y) be defined on a 





3. satisfy the Cauchy-Riemann equations at (a, 4), 
/'(n + f4) = |(n,4) + ^(n,4). 


Section 3: The Composition, 
Inverse and Restriction Rules 

1. Composition Rule 

I Let / and g be complex functions, and let or be a 

limit point of the domain of g o /. If / is 
differentiable at a, and g is differentiable at /(a), 
then g o / is differentiable at a, and 
(go /)'(«) = !'(/(«))/'(«)• 

2. Inverse Function Rule 

Let / : A —► B be a one-one complex function, and 
suppose that / -1 is continuous at p£ B. If / has a 
non-zero derivative at / -1 (0) £ A, then / -1 is 
differentiable at 0 and (/ _1 )' (0) = 

respectively, and let A C B. If or £ A is a limit point 
of A and 

1. m = sM, f°r r e A, 

then / is differentiable at a, and f'(ot) = ^(a). 


4. Standard derivatives 


Rule of/ 

Rule of f 

Domain of /' 

0, a€C 

0 

c 

z k , k£l, k>0 

kz k ~ l 

c 

z\ k € 2, k < 0 

kz k - 1 

c-{ 0 } 

aec-z 


C — {z: € K: Jr < 0} 



C 

Log 2 

1/s 

C-{-6R:r<0| 




cos Z 

-sinz 

c 

tan 2 

sec 2 z J 

C-{(„ + l)v:» 6 Z} 

sinh z 

cosh z 

c 



c 

tanhr 

sech 2 z 

C_{(„ + i)*i:n6Z} 


Section 4: Smooth Paths 

1. Let T be a path with parametrization 7 :1 —► C, 
and suppose that c £ I. If 7 is differentiable at c and 
if 7'(c) ^ 0, then 7 # (c) may be interpreted as a 
tangent vector to the path T at the point 7(c). 

2. Let <f> and if) be real functions, both with domain 
some interval I. Then the parametrization 

y(t) = 4>(t) + ii>(t) (tel) 

is differentiable at a point c £ I if and only if both <t> 
and are differentiable at c. If <f> and ip are 
differentiable at c, then 
7 , (c) = ^(c) + *y(c). 


3. A parametrization 7 :1 —► C is smooth if 

(a) 7 is differentiable on /; 

(b) 7' is continuous on /; 

(c) 7 1 is non-zero on I. 


A path is smooth if its parametrization is smooth. 
4. Let / be a function that is analytic on a region H, 
is a smooth path in passing through a, then the 

the tangent vector to T at a by a rotation through 
the angle Arg f'(a) and a scaling by the factor 


5. A function is conformal at a if it leaves unchanged 

smooth paths through a. A function is conformal 
. on a set S if it is conformal at every point of S. A 
function is conformal if it is conformal on its 


6. Let / be a function which is analytic at a, with 
f'(a) ^ 0. Then / is conformal at a. 

7. Smooth paths that meet at right angles are said to 
be orthogonal. A grid made up of orthogonal 
smooth paths is called an orthogonal grid. 
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PART I: UNIT SUMMARIES 
Unit B1 Integration 







3. 


The Chain Rule, 

9(/(*))/'(*)= (9 «/)'(*), 




J 9</W)/'W*. 


4. Contour Independence Theorem 

Let the function / be continuous and have a 

J f(z)iz = J f(z)dz. 


5. Integration by Parts 

Let the functions / and g be analytic on a region H, 
and let f and g' be continuous on H. Let T be a 


J f(z)g'(z)dz={f{z)g(z)f a - J f'(z)g(z)iz. 


6. The Fundamental Theorem of Calculus cannot be 
used to integrate non-differentiable functions. 


Section 4: Estimating Contour 
Integrals 

1. Let r: 7<t) (t € [a, h]) be a smooth path. Then the 
length of the path T, denoted by X(r), is 

£(!■)=/ l7'(t)l*. 

The length of a contour is the sum of the lengths 

2. Equivalent smooth paths have the same length. 

lengTh ° ^ ‘ ^ 

3. Estimation Theorem 

Let / be a function which is continuous on a contour 
T of length L, with 

\f(z)\<M, for z € r. 

Then 

\J^f(z)dz\<ML. 

4. Let g : [o, 6] —> € be a continuous function. Then 

9(0*| <£ 19(01*- 


points coincide. 

If T is a closed contour, then the value of any 
contour integral along T does not depend on the 
choice of initial (= final) point. 

8. Closed Contour Theorem 

Let the function / be continuous and have a 
primitive F on a region 7?.. Then 

J f(z)dz = 0, 


10. Grid Path Theorem 
joined by a grid patli in 7 1. 

11. Zero Derivative Theorem 

Let the function F be analytic on a region 7 1, and let 








Unit B2 Cauchy’s Theorem Section 2: The Integral Formula 


Section 1: Cauchy’s Theorem 


1. A path T : 7(f) (i £ [a, 6]) is simple-closed if it is 
A path T : ?(/) ( t £ [a, b]) is simple if 7 is one-one < 

ML 


2. Jordan Curve Theorem 

If T is a simple-closed path, then the complement 
C — T of T is the union of two disjoint regions: 
a bounded region, called the inside of T, and 
an unbounded region, called the outside of P. 


simple-closed patlUyhig in R, the inside of T also 


si m pie- con n ec ted 11 ess: 

a region is simply-connected if it has no hoh 


4. Cauchy’s Theorem 

Let R be a simply-connected region, and let / be a 
function which is analytic on R. Then 


5. Contour Independence Theorem 

Let R be a simply-connected region, let / be a 
function which is analytic on R, and let Pi and T 2 
be contours in R with the same initial point a and 


6 . Convention Unless otherwise specified, any 
simple-closed contour in a contour integral will be 
assumed to be traversed once anticlockwise. 

7. Shrinking Contour Theorem 

Let R be a simply-connected region, let T be a 
simple-closed contour in R, let a be a point inside T, 
and let g be a function which is analytic on R - {a}. 
Then 

J g(z) dz = J g{z)dz, 

where C is any circle with centre a, lying inside T. 


1. Cauchy’s Integral Formula 

Let R be a simply-connected region, let T be a 
simple-closed contour in R, and let / be a function 
which is analytic on R. Then 





2. Liouville’s Theorem 

If / is a bounded entire function, then / is constant. 


Section 3: The Derivative 
Formulas 


1. Cauchy’s nth Derivative Formula 

Let R be a simply-connected region, let T be a 
simple-closed contour in R, and let / be a function 
which is analytic on R. Then, for any point a inside 
T, / is n-times differentiable at a and 



2. Analyticity of Derivatives 

Let R be a region, and let / be a function which is 
analytic on R. Then / possesses derivatives of all 
orders on R, so that /', /", / (3) ,... are analytic on 


Section 4: Revision 


contour integral) — Unit Bl, 
Closed Contour Theorem — Unit Bl, 

Cauchy’s Theorem — Section 1, 

Cauchy’s Integral Formula — Section 2, 
Cauchy’s nth Derivative Formula — Section 3. 


2. If the value of a contour integral is 
the value of two real integrals. 








Unit B3 Taylor Series 

Section 1: Complex Series 


integrals, each of which can b 
Cauchy’s Integral Formula an 
Derivative Formula. 


Section 5: The proof of Cauchy’s 
Theorem 


3 . Primitive Theorem (or Antiderivati 
Theorem) 

If a function / is analytic on a simply-cc 


es diverges if the sequence {s n } diverge? 


3 . If ^ z n is a convergent se: 










Section 2: Power Series 




12 . The series z n is absolutely cc 


14 . Triangle Inequal 
If the series ^ z„ 


Y^*n(z-a) n = a 0 +ai(z-a)+a 2 (z-a) 2 


^o„(? - or)" converges (absolutely) 


^ a n (z - <*)" diverges if \z-a\> R. 


, The positive real number R in case (c) of the Radii 
of Convergence Theorem is called the radius of 


11 the convergence tests of Section 1 can be a] 
sed to find the radius of convergence of the pc 
:ries a n (z — a) n provided that 

I a„(z-a)"| 










/'(a), /"(<*), f"'( a ), • • • at the point a, then the 



is called the Taylor series about a for f. The 
coefficient (of / at a). 




3. If / is an entire function, then the Taylor series about 


The power series 

^u„(a-o) n and |S>o„(a - o)”-‘ 
have the same radius of convergence R, say. 
Furthermore, if f(z) = ^ a n (z — a) n , then / is 

f(z) = f; na„(z - , for |a - «| < R. 

10. Integration Rule 
The power series 

^«„<a-a)” and ^^-(a-a)"' 1 ’ 1 
have the same radius of convergence R , say. 
Furthermore, if f(z) = ^ a„(z — a) n , then the 

F(z)= constant +^^(.-o)" +1 
is a primitive of / on {s : |z - o| < /?}. 


Section 3: Taylor’s Theorem 


1. Taylor’s Theorem 

Z) = {z : \z — a\ < r}, then Y P 



Moreover, this representation of / is unique, in the 
= foraeO, 


(In (*), we have employed the conventions 
0! = l,0°=land/ |o >(a) = /(a),) 


4. A function /: A —► C is even if 
/(-*) = /(*). for * € A, 
and odd if 

/(-*) = -/(*), for zeA. 

The Taylor series about 0 of an even (odd) function 
includes only even (odd) powers of z. 


5. 


Basic Taylor Series 



, for |*l <S 

for a € C; 

I-, for |z| < X; 

for z € C; 
for z € C; 
for a € C; 


6 . 


Binomial series 

If a € C, then the binomial series about 0 for the 


for |.s| < 1, 

e ^ = «(«-1)(« - 2) y (o-(« — !)) 


Section 4: Manipulating Taylor 
Series 

region S = {a : -x/2 < Re a < ir/2} have inverse 
functions denoted by tan 1 and sin 1 . The domains 

unit disc with centre zero, and their derivatives 1 "have 
the following rules: 

(tan *Y(x) = —f, (sin 7(a) = • 








Section 5: The Uniqueness 
Theorem 







Unit B4 Laurent Series 


convergent if ^a„(z — a) n , the analytic part, 


Section 1: Singularities 

1. A function / has an (isolated) singularity at the 
point a if / is analytic on a punctured open disc 
{z:0<|z-a|<r}. where r > 0, but not at a itself. 

2. Let / be a function with domain A , and suppose 

to infinity as z tends to a. if, 

for each sequence {s„} in A - {»} such that z n —* a, 
/(*n) - CO 

for each positive number M , there is a positive 

> M, for * e A and 0 < \z - a\ < 6). 

We write f(z )-ooas 2 - a. 

3. Suppose that a function / has a singularity at a. 

Then 

(a) / has a removable singularity at a if there is 
a function g , analytic at a, and a positive 
number r, such that 

f(z) = g(z), for 0 < |z — a| < r; 

(b) f has a pole of order k at a if there is a 
function g , analytic at a with <7(a) ^ 0, and a 
positive number r, such that 

/(*)= f°rO<|*-a|<r; 

(c) / has an essential singularity at a if the 

In case (a), g is an analytic extension of / to 


4. If a function / has a singularity at a and 

1. lim f(z) does not exist, 

2. f(z) does not tend to infinity as z —* a, 
then at is an essential singularity of /. 


Section 2: Laurent’s Theorem 


Let z 6 C. An expression of the form 

+ ao + ai(z — or) 


and ^ a_„(z — a) n , the singular part, are both 
convergent; its sum is found by adding the sums of 


3. Let A = {z: a n (z - <*)” converges}. The 

/(*)= fi <>„(*-«)" 

is called the sum function of the extended power 


4. If the analytic part of an extended power series has 
disc of convergence {z : \z - c\ < r) and the singnlar 
part converges on {z : \z - <r| > l/r'^then the 

X={r:|a-o|<r}n{r:|a-c,|>l/r'}. 
Depending on the values of r and r', A may be an 
open annulus, a punctured open disc, a punctured 

If / is a function which is analytic on the open 


/(*)= £ <■»(*-«) 


*„ = -L[ W —iz for n € Z, 
” 2*i ] c (z -«)"+’ dZ ' n€ ’ 


6. The representation («) is 

(about a) for the function f on A. 

(.) is calkd the Laurent series about a for /. 


/m= E 




(b) / has a pole of order k at a if and only if 
a n = 0, for all n < -k, and «_* ^ 0; 

(c) / has an essential singularity at a if and only if 


JO 









9. A Laurent series may be obtained from known 
and by using partial fractions. 


Section 3: Behaviour near a 
Singularity 






(B) ]im/(x) exists; 

(C) / is bounded on {z:0<\z-a\< r}, for some 

(D) lim (z-*)/(*) = 0. 

(A) / has a pole of order k at a; 

(B) Bin (z - a) k f(z) exists, and is non-zero; 

(C) 1 If has a removable singularity at a which, 


3. Let a function / have a singularity at a. Then / has 
a pole at a if and only if 


singularity at a. Let w be any complex number, an 
let e and 8 be positive real numbers. Then there 


Section 4: Evaluating Residues 
using Laurent Series 

1. If a function / is analytic on 

D = {z : 0 < \z - a-| < r}, then, by Laurent’s 

for /, and C is any circle with centre a lying in D. 

2. If a function / is analytic on a punctured disc D 

series about a for / is called the residue of / at a, 
and is denoted by Res (/, a). Hence 

Jj(,z)dz = 2*i Res (/,«), 

where C is any circle with centre a lying in D. 
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PART I: UNIT SUMMARIES 
Unit Cl Residues 

Section 1: Calculating Residues 

1. Suppose that an analytic function / has a singularity 
at the point a. Then 

Res(/, a) = lim (z - a)f(z), 

2. g/h Rule 

Let f(z) = g(z)/h(z), where the functions g and h 
are analytic at the point a, h(a) = 0, and h'(a) ± 0. 
Then 

Res (/,<*) = ,(<*)//»'(«). 

3. Cover-up Rule 

Let f(z) = ^ ^ ^ , where the functions p and q 
are analytic at the point a, and g(cr) ^ 0. Then 
Res(/,a) = p(ot)/q(a). 

4. If a function / has a pole of order k at the point a, 
then the residue of / at a is given by 

Res(/ ' “> = (jTTTjT “)‘/(*))) • 

Section 2: The Residue Theorem 


Section 3: Evaluating Improper 
Integrals 


1. Let / be a function defined on an unbounded interval 
]a, oo[. Then the function / has limit aasr tends 
to oo if 

for each sequence {r„} in ]a, oo[ such that r„ —*■ oo, 

EITHER Urn /(r) = a, 

OR /( r T~ + a as r -+ oo. 

2. Combination Rules 

Let / and g be functions such that 
Urn^ /(r) = a and g(r) = 0. 

Sum Rule lim (/(r) + g(r)) = a + p; 

Multiple Rule lim (A/(r)) = Ao, for A € C; 
Product Rule lim ( f(r)g(r )) = ap\ 

Quotient Rule lim ( f(r)/g(r )) = a/p, 

provided that p ^ 0. 


degree of q exceeds the degree of p, then 



1. Cauchy’s Residue Theorem 

function which ^analytic on ^except for a finite 
number of singularities. Let T be any simple-closed 

singularities. Then 

where S is the sum of the residues of / at those 
singularities that lie inside T. 

2. Strategy for evaluating 4>(cosi,sin i)di 
(a) Replace 

cost by a -1 ),suit by 

and it by l^iz, 


1}. 


(b) Locate the singularities of the function / lying 
inside C, and calculate the residues of / at these 


4. Let / be a continuous function with domain U. Then 
the improper integral J f(t) dt is 

j°° m a = m a, 

Let / be a function which is continuous on the 
interval [a, oo[. Then the improper integral 

J°°m a ^ 

J°°mit=Vrn j f(t)it, 

5. Let / be a continuous function with domain IR. Then: 

(a) if / is an odd function, J°° /(<)«# = 0; 

(b) if /ban even function, 

/“ /(«) it = 2 j°° f(f) it, 

provided that these integrals exist. 








Section 4: Summing Series 



the square contour with vertices at (N + |)( 
Suppose also that the function f(z) = ircot x 
is such that 


£= -|( Res(/,<)) + £)Res(/, aj) 





3. Let <f> be an even function which is analytic on C 
except for poles at the points ai, <*2,..., a* (none of 
which is an integer), and possibly at 0, and let Sjf be 
the square contour with vertices at (N + |)(±1 ±i). 

/(*) = x cosec irz • is such that 

lirn^J J(z)iz = 0. 

E(— 1 )"*(») = («<*(/. 0) +^Res(/, ai )j . 

Further, if <t> is analytic at 0, then 

R»(/,o) = *(o). 

4. For each JV = 1,2. 

| cosec kz\ < 1, for z G Sjv, 

(N + i)(±l ± i) Sq 



Unit C2 Zeros and 
Extrema 


Section 1: The Winding Number 

1. A continuous argument function for a path 
r : 7(0 (t € [a, 6]) lying in C - {0} is a continuous 
function 

MM] — * 

such that, for each t G [a, b], 0(t) is an argument 

of 7(0- 

Such a function 0 satisfies 



2. Any path T: 7(0 (i G [a, b]) lying in C - {0} has a 
continuous argument function 0, which is unique 

form 2xn, where n G Z. 

3. The winding number of a path T: j(t) (t G [a, 6]) 
lying in C — {0} round 0 is 

Wnd(T, 0) = ~(0(ft) - 0(a)), 
where 0 is any continuous argument function for F. 
Wnd(r, 0) may be calculated by inspecting a sketch 
of T, if one is available. 

4. For <f> G R, the function Arg^ is defined by 

Arg^(z) = 0 (*G C-{0}), 
where 0 is the argument of z lying in the interval 
]<f> — 2x,<f>]. 

5. For all $ G R, Arg^ is continuous on the cut plane 

C* = {re i0 :r > 0,4-2* < 0 < </>} . 

6. For 4 G R, the function Log^ is defined by 

Log,(z) = log e |*| + iAvg^z) (zGC - {0}). 

Log^(x) = l/z , for z G C*. 

8. Let T: 7(<) (t G [a, 6]) be a closed contour lying in 
C-{0}. Then 

Wnd(r, 0) = f^~dz. 

9. The winding number of the path T : 7(0 (< € [a, 6]) 

Wnd(r ,a)=±(0 a (b)-0 a (a)), 

relative to a (that is, 0 a is continuous on [a, 6] and 
(0 is an argument of 7(0 — a). 







10. Wnd(r, a) = Wnd(r — a, 0), 

T-a: 7 ( <) - « (<€[«,&]) 

is the path T translated by —a. 

11. Let T be a closed path and let D be an open disc 
lying in the complement of T. Then the function 
a i—► Wnd(r, a) is constant on D. 

Section 2: Locating Zeros of 
Analytic Functions 

1. Let an analytic function / have a zero of order n 

at a. Then the function /'// has a simple pole at or 

Res(/7/,«) = ». 

2. Argument Principle 

Let a function / be analytic on a simply-connected 
region U and let T be a simple-closed contour in 71, 
such that f(z) ± 0, for z € T. Then 
Wnd(/(r),0) = N, 

where N is the number of zeros of / inside T, 
counted according to their orders. 

3. Let a function / be analytic on a simply-connected 
region 7Z and let T be a simple-closed contour in 71, 
such that f(z) ^ P, for » € T. Then Wnd(I\/?) is the 
number of zeros of the function f — P inside T, 
counted according to their orders. 

Unless otherwise stated, zeros are always counted 
according to their orders. 

4. Rouch6’s Theorem 
Suppose that 

1. the function / is analytic on a simply-connected 

2. T is a simple-closed contour in 71 and 

\f(z)-g(z)\<\g(z)\, former. 

Then / has the same number of zeros as g inside T. 
(The function g is known as a ‘dominant term’ in / 
on r.) 

5. Fundamental Theorem of Algebra 

Let p(z) = ao + a\z -|-h a n z n , where n > 1 and 

a„ ^ 0. Then p has exactly n zeros, all lying in the 
open disc {z : \z\ < i2}, where 

JJ = l + max{|<. 0 |/M.l«»-i|/M}- 


Section 3: Local Behaviour of 
Analytic Functions 

1. Open Mapping Theorem 

Let the function / be analytic and non-constant on a 
region 71 and let G be an open subset of 71. Then 
/(G) is open. 

2. If a function / is analytic and non-constant on a 
region 71, then f(7l) is a region. 

3. Let a function / be analytic on a region 71 and let 
a € 71. Then / is n-one near oc if there is a region 
S in 71, with a € S, and a function ^ which is 
analytic and one-one on its domain S, such that 

/(*) = /(«) + (*(*))", foi z€S. 

4. Local Mapping Theorem 

Let a function / be analytic on a region 71 and let 
a e 71. Then the Taylor series about a for / has the 

/(*) = /(“) + M* - «)” +a»+i(* - “)" +1 + '''. (♦) 

where n > 1 and o„ ^ 0, if and only if / is n-one 

5. The Taylor Series for / about a takes the form (*) if 
and only if 

o=/■(«) = /»=-=/ < - 1, (4 

but/”>(*) #0. 

6 . Inverse Function Rule 

Let / be a one-one analytic function whose domain is 
a region 71. Then f~ l is analytic on f(K) and 

(r 1 )' w = 7(FWY 

7. The inverse functions tan -1 and sin -1 are analytic. 

8. Strategy for inverting a Taylor series 
Given the Taylor series about a for /: 

/(*)=£ «»(*-«)”, 

where a\ = /'(a) ^ 0, we can find the Taylor series 
about P = /(or) for f~ l : 

by putting ba — a and equating the powers of (2 - a) 

z - a = 6i(m(z - a) + u 2 (z - af + ■ ■ ■) 

+ i 2 («i(z - a) + 02(2 - a) 2 + • ■ -) 2 + • ■ ■, 




Section 4: Extreme Values of 
Analytic Functions 

1. Let a function / be defined on a region H. Then the 
function |/| has a local maximum at the point 

a e H if there is some r > 0 such that 
{z:\z-a\ <r) C ft and 

l/(*)l < |/(«)l, for \z — a\ < r. 

2. Local Maximum Principle 

Let a function / be analytic on a region 71. If / is 

maxima on H. 

3. The closure A of a set A in C is 

A = int A U dA. 

4. Maximum Principle 

Let a function / be_analytic on a bounded region 71, 
and continuous on 71. Then there exists a € d7l such 

l/WI < l/(«)l. 

5. Minimum Principle 

Let a function / be analytic on a_bounded region 7l, 
and continuous and non-zero on 71. Then there 
exists a € dTl such that 

l/MI > l/MI. Ior*€R. 

6. Boundary Uniqueness Theorem 

Let functions / and g be analytic on a bounded 
region 71 and continuous on 71. If / = g on dTl, then 
f = gon7l. 

7. Schwarz’s Lemma 

Let a function / be analytic on {z : \z\ < R } with 
/(0) = 0, and suppose that 
\f(z)\<M, for \z\ < R. 

Then 

|/(*)| < (M/R)\z\, for \z\ < R. 


Unit C3 Analytic 
Continuation 

Section 1: What is Analytic 
Continuation? 

1. Let / and g be analytic functions whose domains are 
the regions K and S, respectively. Then / and g are 
direct analytic continuations of each other if 

/(r) = S (s), for z € T. 

We also say that g is a direct analytic 

2. Let a function f be continuous on the interval ]0, oo[. 
Then 

/Wdt+ ita ^ 

provided that both these limits exist. 

3. Improper integrals of the forms 

such that p/q is even, the degree of q exceeds that of 
p by at least two and any poles of p/q on the 

by a five-step method like that given in item 11 of 
Unit Cl, Section 3 above. 

4. Let p and q be polynomial functions such that 

1. the degree of q exceeds the degree of p by at 

2. any poles of p/q on the non-negative real axis 
are simple. 

Then, for 0 < a < 1, 

in Czn, and T is the sum of the residues of the 










Section 2: Indirect Analytic 
Continuation 

Taylor series about a for / contains points which are 
not in H, then the function g, with domain D, 
defined by the Taylor series is a direct analytic 
continuation of / by Taylor series. 


.(/.,«,) 

(/*+!, is a direct analytic continuation 

of (/*,**)• 



4. If is a sequence of functions, then the series of 

converges pointwise/uniformly on a set E 

M*) = *M + M*) +- + *,(>) 

The limit function / of the sequence’ {/„} is called 

/W = f>»(*) ( ze£ )' 

5. Weierstrass’ M- test 

Let {0,,} be a sequence of functions defined on a set 
E and suppose that there is a sequence of positive 
terms {M„}, such that 

1. KM| < M„, torn = 1,2.and aU , 6 E; 

2. f>„is convergent. 


Then 




Section 3: Uniform Convergence 



!/«(*) - f(z )| < e, for all n>N, and all z 6 E. 


We also say that {/„} is uniformly convergent 
on E, with limit function /. 

3. Strategy for proving uniform convergence 

To prove that a sequence of functions {/ n } converges 

(a) determine the limit function / by evaluating 

/(*)= Km /»(*), ioTzeE ; 

|/n(*)-/(*)|<«n, 


6. Weierstrass’ Theorem 

Let {/„} be a sequence of functions which are 

to a function / on each closed disc in ft^Then Y 
/ is analytic on K 

the sequence {/„} converges uniformly to /' 
on each closed disc in %. 


7. When Weierstrass’ Theorem is used to prove that a 


8. The zeta function C, defined by 

is analytic, and can be continued analytically to 

C-{1}. 




Section 4: The Gamma Function 

1. Let H be a region and let K be a complex-valued 
function of the two variables z £ K and t £ [a, 6], 

t£[a,b]-, y 

2. K and dK/dz are continuous on [a, 6] as 

\K(z,t)\<M, ioTz£H,t£[a,b]. 

/(*) = f K(z,t)it (zex) 
is analytic on H and 

m = for 3 € n. 

2. The gamma function T, defined by 

r TJ" e,t ‘' dt ’ 

(a) r is analytic on H = {z : Re z > 1}, 

(b) r(») = (n-l)!, for n > 1 , 

(c) r(r + 1) = ^r(rr), for * e H. 

The identity in part (c) is called the functional 
equation of the gamma function. 


to C — {0, —1, —2,...} with simple poles at 
Res(r,-t) = for * = 0,1,2,... . 




2 € C — {0, —1, —2,...}. 


Section 5: Riemann’s Legacy 
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PART I: UNIT SUMMARIES 
Unit D1 Conformal 
Mappings 


8. Let / be a rational function. The extended 

function f associated with / is the extension of / to 


Section 1: Linear and Reciprocal 
Functions 


ctions map circles onto circles and straight 

straight lines. Furthermore, 

any two circles Ci and C 2 , there is a linear 


4. Strategy for finding the equation of the image 
of a path under f(z ) = 1/z 
To find the equation of the image f(T) of a path T 
under f(z) = 1 /z: 

(a) write down an equation that relates the x- and 


(c) simplify the resulting equation to obt; 
equation that relates the u- and v-coc 
all points u + iv on the image f(T). 


is called stereographic projection. 

14. (a) Under stereographic projection, all ordinary 

(b) Stereographic projection preserves angles. 


Section 2: Mobius 
Transformations 


6. The extended complex plane C is the u 
the ordinary complex plane C and one exti 




3. The extended function associated with a 










Section 3: Images of Generalized 
Circles 











Unit D2 Fluid Flows 


Section 1: Setting up the Model 









Section 2: Complex Potential 
Functions 

1. Let q be a model flow velocity function with domain 
U. A function Q which is a primitive of q is called a 
complex potential function for the flow. 

Cf + iTr = J n'(*) dz = n(0) - n(o), 

where T is any contour lying in the domain of Q with 
initial and final points a and /?. 

Such a complex potential function fl always exists on 
a simply-connected subregion of ft, by the Primitive 
Theorem. 

simply-connected subregion S of the flow region ft, 
then 

Im(ft(z)) is constant along each streamline within S. 

3. Each point of the flow region has just one streamline 
through it. 

4. If O(z) = $(x, y) + *tf(x, y), then * = Im Q is the 
stream function for the model flow with complex 
potential function U and the family of curves given 
by 

*(».*) = constant 

5. There is no flux across a streamline, and so a 


Section 3: Flow past an Obstacle 

*. = {*: 1*1 <•}; 

n aiC (z) = z+^--icLo & z-, 

where a, c € R, with a > 0. 

2. For a > 0, c € R, the model flow velocity function 

(a) Jim 9a , c (z) = l; 

(b) dK a is made up of streamlines for q a ,c\ 

(c) for any simple-closed contour surrounding if a , 

(i) Cr=ReJ q7J(z)iz = 2*c, 

(ii) Tv = Im J q^(z)dz = 0. 

3. An obstacle is a compact connected set K in C, 
such that C — K is also connected. 


4. Obstacle Problem 

model flow velocity function q with domain the 
region ft = C — if, satisfying the following 

(a) Jim ?(z) = l; 

(b) there is a complex potential function Q for q on 
either ft or ft - E, where E is a simple smooth 
path in ft, and a real constant k such that 

for each a G dK, we have lim Im(fi(x)) = k ; 

(c) for any simple-closed contour T in ft 

5. For the flow in the Obstacle Problem, 2re is called 
the circulation around the obstacle K. 

6. The model flow velocity function q a , c solves the 
Obstacle Problem for K = K a , with circulation 2xc 
around K. 

7. Flow Mapping Theorem 

Let K be an obstacle and let / be a one-one 
conformal mapping from C - if onto C - if«, where 

where R > 0 and o 0 , a_i, a_ 2 ,... € C. Then the 

= uAS(*))W) (*eC -K) 

is the unique solution to the Obstacle Problem 
for if, with complex potential function 
fi = ft a , c o /. 

8. The function 

U*) = z+£ (*€C —{0}), 





(w € C — [—2a, 2a]). 

critical point of /. 

10. A Joukowski aerofoil (in the 2 -plane) is an 
obstacle which (possibly after an appropriate 
translation or rotation) has boundary 
where B is a circle which passes through the critical 
point w — a of the function J a (w) = w + a 2 fw and 

The point z = 2o is called the trailing edge of the 


direction of the positive x-axis has angle of 
attack <f>, if <j> is the angle measured clockwise from 






that the flow velocity q is bounded throughou 




13. The following identity is often useful: 


Section 4: Lift and Drag 

1. In a fluid of constant density p, the relationship 
between fluid pressure p(z ) and fluid speed |g(z)| is 
given by Bernoulli’s Equation 

where the constant po is the fluid pressure at any 
stagnation point. 


F = if p(i(,)h'(,)d s , 











Unit D3 The Mandelbrot 
Set 

Section 1: Iteration of Analytic 
Functions 

1. A sequence {*„} defined by 

*„+. =/(*.), " = 0,1,2. 

where / is a function, is called an iteration 


Also, /° denotes the identity function f°(z) = z. 

nl) l =a. 18 a flxed pomt ° f a functloa f 

The equation f(z) = z is called the fixed point 
equation. 

4. Let a be a fixed point of an analytic function / and 
suppose that |/'(ar)| < 1. Then there exists r > 0 

jinio f n (z 0 ) = a, for \z 0 - a\ < r. 

5. The fixed point a of an analytic function / is 

(a) attracting, if |/'(a)l < *5 

(b) repelling, if |/ / (ar)| > 1; 

(c) indifferent, if |/'(ar)| = 1; 

(d) super-attracting, if /'(a) = 0. 

6. If o is an attracting fixed point of an analytic 
function /, then the basin of attraction of a 
under / is the set 

{z : f (*) - as n - oo} . 

7. The functions / and g are conjugate to each other if 

for some one-one function h called the conjugating 
function. If the sequence {z n } is defined by 
*«+!=/(*»), » = 0,1,2,..., 
for some zo, and w n = h(z n ), for n = 0,1,2,..., then 


f nT^L f 


Section 2: Iterating Complex 
Quadratics 

1. The iteration sequence 

where d = ac + \b — |6 2 . The conjugating function is 
h(z) = *z + \b. 

2. The set of functions {P c : c € C} defined by 

P c {z) = z 2 + c, 

where c € C, is the family of basic quadratic 


3. Let r c = i + i/FTR. Then, for |z 0 | > r< 
{|P"(so)|} is an increasing sequence, 


4. For c € C, the escape set E c is 

Ee = {z.: Pc{ z ) —► oo as n —► oo}. 

The keep set K c is the complement of E c . 

5. A set A is completely invariant under a function / 

zeA*=>f(z)eA. 

6. For each c € C, the escape set E c and the keep 
set K c have the following properties: 

(a) E c D{z : \z\ > r c } and K c C {z : \z\ < r c ); 
is open and K c is closed; 

E c # C and K c ^ 0; 

E c and K c are each completely invariant 


(e) E c 


and K c are each symmetric under rotation by 


(f) E c is connected and K c has no holes in it. 

7. The point a is a periodic point, with period p } of a 
function / if 

f\a) = a, but /*(«) # a , for k = 1,2,..., p - 1. 

a, /(a), f 2 (a), ..., /^(a) 
then form a cycle of period p, or a p-cycle of /. 
All the periodic points of P c lie in the keep set K c . 




8. Let a, /(a), /», .... f p ~ 1 (a) form a p-cycle of 
an analytic function /. Then 

(a) (/'“)' («) = f'M X /'(/(«)) X /' (/(«)) 

x - x/'(/”-») 

(b) the derivative of / p takes the same value at each 
point of the p-cycle; that is, 

in' («)=(/")'(/(«))=(/Ww) 

—=(/’*)' (/'-"(«))■ 

9. Let a belong to a p-cycle of an analytic function /. 
The number (f p )' (a) is the multiplier of the 

10. If a is a periodic point, with period p, of an analytic 
function /, then a and the corresponding p-cycle are 

(a) attracting, if (o)| < Jj 

(b) repelling, if |(/ p ) / (a)| > 1; 

(c) indifferent, if |(/”)' (or)| = 1; 

(d) super-attracting, if (f p )‘ (a) = 0. 

11. Let a be a periodic point of the function P c . 

(a) If a is attracting, then a is an interior point 

(b) If a is repelling, then a is a boundary point 
of K c . 

12. The Julia set J c of P c is the boundary of K c . 

K c is called the ‘filled-in Julia set’. 


Section 3: Graphical Iteration 

1. Graphical iteration with a real function / is the 
process of constructing the sequence {x n }, where 

for a given xo, by drawing alternately vertical and 
horizontal lines joining the points 
(x 0) 0) to (x 0 , xj) (= (x 0 , /(x 0 ))) 

(x 0 ,xi) to (xi,xi) 

(xi,xi) to (xi,x 2 ) (= (xi,/(xi))) 

(xi,x 2 ) to (x 2 ,x 2 ) 

(x 2 , x 2 ) to (x 2 , x 3 ) (= (x 2 , /(x 2 ))) 

2. If c € K, then the real function P c has 

(b) the single fixed point |, if c = j; 

(c) the two real fixed points | ± — c, if c < 

3. If c > j, then K c n R = 0 . 


4. H -2 < c < then K c nU = I c , where 



5. If c < -2, then the set K c n R consists of the closed 

non-empty, open subintervals of I c has been 
removed. In particular, 0 $ K c . 


Section 4: The Mandelbrot Set 

AnG 1 * 0 , Anft/0 and ACC.U6. 
A set A is connected if it is not disconnected. 

2. Any pathwise connected set is connected. 

3. The Mandelbrot set is the set M of complex 



The square represented in this figure is 
{c: -2 < Rec < 1, -1.5 < Imc < 1.5}. 


4. For any cgC, 

K c is connected -<=>• 0 € K c . 

5. The Mandelbrot set M can be specified as follows: 

M = {c: |P c n (0)| < 2, for n = 1,2,...} . 

6 . The Mandelbrot set M 

(a) is a compact subset of {c : |c| < 2}; 

(b) is symmetric under reflection in the real axis; 

(c) meets the real axis in the interval [—2, j]; 

(d) has no holes in it. 

7. The Mandelbrot set is connected. 

8. If the function P c has an attracting cycle, then 
ceM. 







9. (a) The function P c has an attracting fixed point if 
and only if c satisfies 

(8|c| 3 — |) 2 + 8 Re c < 3. 

(b) The function P c has an attracting 2-cyde if and 
|c+l|<i. 


10. A periodic region is a maximal region H such that, 

the function P c has an attracting p-cyde, 
for ail c e n. 


11. The function P c has a super-attracting p-cyde if and 
P*(D) = 0, but P*(0) # 0, for k = 1,2,.... p - 1. 


12. The number A is a primitive nth root of unity if 
A is a root of unity and if n is the smallest positive 
integer for which A n = 1. 


13. Suppose that the function P co , c 0 € C, has a p-cyde 

(a) Saddle-node bifurcation at c 0 If A = 1, 
then Co is the cusp of a cardioid-shaped periodic 
region K, such that 

P c has an attracting p-cycle, for cell. 

(b) Period-multiplying bifurcation at cq If A 






for c€ 
for c € H 2 . 


14. The set of points which are mapped to a set E by P c 
is called the preimage set of E and is denoted by 

Pc~\E): 

P-\E) = {z:P c (z)<=E}. 


a simple-closed smooth path. 


16. If E is a compact disc and c g dE, then P c 1 (E) is 


(b) two compact discs, neither containing 0, if 
c e ext E. 


Section 5: Beyond the 
Mandelbrot Set 





